We exploit theoretically the occurrence and tunability of photonic Bloch oscillations (PBOs) in one-dimensional photonic crystals (PCs) containing nonlinear composites. Because of the enhanced third-order nonlinearity (Kerr type nonlinearity) of composites, photons undergo oscillations inside tilted photonic bands, which are achieved by the application of graded external pump electric fields on such PCs, varying along the direction perpendicular to the surface of layers. The tunability of PBOs (including amplitude and period) is readily achieved by changing the field gradient. With an appropriate graded pump AC or DC electric field, terahertz PBOs can appear and cover a terahertz band in electromagnetic spectrum.
In this work, we propose a class of PCs to realize the occurrence and tunability of photonic Bloch oscillations (PBOs) by graded pump DC or AC electric fields E 0 . The idea relies on the fact that the effective dielectric permittivity (thus refractive index) of some materials depends on external electric fields because of the third-order nonlinearity (Kerr type nonlinearity). To exemplify this idea, we theoretically calculate the PBOs in such PCs under different graded pump electric fields. Compared with existing proposals [8] , our proposal offers ultrafast response time and dynamical control. Also, we show that with an appropriate choice of parameters, this could lead to a generation of teraherz radiations. Figure 1 shows a one-dimensional double-layer PC, which consists of alternative layers of composite materials [9] (or composites for short, e.g., Au/SiO2) and common dielectric (e.g., air). Through local field and resonant scattering effects in nanoparticles [10] , the third-order nonlinearity of composites can be enhanced [10, 11] .
Let us denote by D 0(1) the response to pump (probe) field E 0(1) . For weak nonlinearity under consideration, namely
be written as D = D 0 + αD 1 , and E = E 0 + αE 1 , where α is a small parameter. Due to the weak nonlinearity limit, we apply the perturbation method [12] to express D 0 and D 1 in terms of E 0 and E 1 :
Since the pump field E 0 is much larger than the probe field E 1 , the response to the probe field D 1 is rather stable, and it is related to the angle θ between the pump field (E 0 ) and the probe field (E 1 ). Without loss of generality, we assume E 1 E 0 (see Fig. 1 ), which results in an effective dielectric constant for the probe fieldǫ ef f = ǫ + 3χ (3) |E 0 | 2 . So the dielectric constantǫ p possessed by nonlinear nanoparticles can be expressed as
where ǫ p denotes the linear (field-independent) dielectric permittivity, χ
p the third-order nonlinear susceptibility of the nanoparticles, E p the local electric field inside the nanoparticle, and · · · the volume average of · · · . Then, the effective nonlinear permittivityǫ 1 of the layer of composites can be given by the Maxwell-Garnett approximation [10] 
where ǫ h represents the dielectric permittivity of the host (which is assumed to be linear for simplicity), and p the volume fraction of nanoparticles. The volume-averaged local electric field |E p | 2 in the layer is given by [13, 14] 
Thus the effective nonlinear response of the layer can be much enhanced.
For model calculations, we investigate the composite of Au/SiO 2 with volume fraction of Au nanoparticles p = 0.20. The dielectric permittivities of SiO 2 and air (dielectric layer) are taken to be ǫ h = 2.25ǫ 0 and ǫ air = ǫ 0 . The probe field can be much weaker in strength than the pump electric field, so that the dispersion (and loss) of the (much weaker) probe field can be neglected. Here we take ǫ p = −9.97ǫ 0 [13, 15] , which is a real frequency-independent constant. This corresponds to a pump field produced by a laser source at 620 nm [13] .
The existence of the enhanced Kerr nonlinearity enables us to modify photonic band structures of such PCs by applying pump electric fields [9] . Throughout this work, we use χ
to indicate the strength of external pump electric field E 0 . To obtain PBOs, we apply an external electric field with gradation profile χ
p E 2 0 = gz + b, which can be adjusted to achieve different gradation profiles. In graded fields, the photonic band structures become depth-dependent, viz., z-dependent (see Fig. 2 ), which can be evaluated via the transfer matrix method with g = 3.67 × 10 −4 and b = 1.33 × 10 −2 . The reason is easily understood. When the pump electric field acting on the layers of composites varies along the z direction, the effective dielectric permittivity of each composite layer grows monotonically, resulting in a refractive index gradient. By carefully examining the condition for the appearance of PBOs, we are convinced that PBOs cannot happen in the lowest band. Thus we will study PBOs in the second (or higher) band. Besides the tilted band structures in Fig. 2 , the other prerequisite for the appearance of PBOs is that ω(z max , k = 0) = ω(z min , k = π/a), where ω represents the angular frequency of source waves, z max(min) means the maximum (minimum) position for PBOs, and k is the Bloch wave vector. In other words, PBOs just appear within the cross section that is composed by the two horizontal dotted lines as displayed in Fig. 2 . So when the incidence with ω 0 = 1.76 c/a illuminates the structure (see the arrow in Fig 2) , the oscillations occure in the spatial range 250a < z < 500a, in good agreement with the numerical results shown in Fig. 3 (a) .
The above analysis shows that PBOs can appear inside the second band if a graded external electric field is applied on such 1D PCs. When electromagnetic waves are incident on the PCs, multiple reflections on the gaps lead to spatial BOs. The actual calculation is to solve for the propagation of a Gaussian wavepacket initially peaked around z = z max and k = 0 at t = 0. The subsequent motion of the wavepacket is governed by the Hamiltonian equations of motion of ω(z, k). At t = T B /2 (T B : time period of PBOs), z becomes z min while k reaches π/a and PBO occurs. The Hamiltonian equations of motion of ω(z, k) have been integrated with appropriate initial conditions to yield the time series of displacement z(t) and momentum k(t) (not shown herein). As expected, such oscillations are clearly seen from the mean position z(t) in Fig. 3 (a) and (b) . For the use and justification of the Hamiltonian formalism for optics, please see Ref. [16] and references therein. Based on the semiclassical solutions, we access the width ∆z(t) of a wave packet and show that it remains bound in time. For a packet with Gaussian distribution with widths σ z = 5 and σ k = 0.2, we show the time dependent mean width ∆z(t) Fig. 3 (c) and (d) . We can find that the width is about 5% of the length of the superlattice (600a) and increases only slightly after several periods, which is acceptable. This originates from the non-constant inclination of the band diagram. Thus we can be convinced that Bloch oscillation indeed occurs. In fact, we can design linearly tilted bands to avoid the increase of the width.
The enhancement of the third-order nonlinearity of the composites enables us to tune PBOs by using tunable inclined band structures. Figure 3 shows the spatial range of PBOs for a fixed incident frequency ω 0 = 1.76 c/a under different gradation profiles. We find that the variation of gradient plays an important role in the occurrence of PBOs, including their amplitude and oscillation frequency. A key parameter for PBOs is oscillation period T B . Figure 3 also shows that T B depends on the tuning parameters in the gradation profiles. Apparently, T B decreases while increasing the field gradient because of steeper tilting bands. Therefore, there is a critical gradient g = 2.73 × 10 −4 , below which T B becomes infinite (or, alternatively, no oscillations come to appear).
Considering the large nonlinear susceptibility (typical value 8 × 10 −8 esu) of Au nanoparticles [13] , for the two gradation profiles adopted in our manuscript Hz. For decoupling THz radiation from the structure, one can apply a uniform pump field to the structure, leading to the non-tilted band diagram. Meanwhile, the structure is illuminated by an incident light with frequency in the region of photonic allowed bands. Second, once the graded pump electric field is applied suddenly, the pulse propagating in the structure will be trapped and the oscillations commence subsequently. Third, after several oscillation periods, the graded pump field is restored to the uniform case, then the carrier waves with terahertz modulation can escape from the structure. Meanwhile, to avoid the leakage of energy in the transverse direction, spatial confinement is needed. In this regard, total internal reflection like in graded-index optical fibers can be used. For low-index medium, it is useful to guide light by means of a photonic band gap. In summary, we have theoretically exploited the occurrence and tunability of PBOs in one-dimensional PCs containing nonlinear composites by applying graded external electric fields. Meanwhile, a kind of terahertz PBOs can appear and cover a terahertz band in electromagnetic spectrum. (Color online) Depth-dependent photonic band structure for gradation profile χ [which correspond to Fig. 3(a) ]. The vertical dashed lines label the space of oscillations displayed in Fig. 3(a) , for an incident wave with ω 0 = 1.76 c/a. Fig. 3(a) ]. The vertical dashed lines label the space of oscillations displayed in Fig. 3(a) , for an incident wave with ω 0 = 1.76 c/a. The cross section composed by the two horizontal dotted lines in the second band denotes the full region for the appearance of oscillations for various angular frequencies of incident electromagnetic waves. 
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